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1. Introduction. To any real-valued function f continuous on the inter-
val [a,b], there exists, for every pair of non-negative integers n, m a unique
best Tchebycheff approximation r*(n,m) among all rational functions of
the form
a+ax+ --- 4 ax"
bot bz + -+ bpx”

in which the numerator and denominator polynomials are relatively prime
and > |b)| = 1; i.e., r(n,m) > r*(n,m) implies

r(n,m;x) =

E(n,m,f) = max|f(x) — r*(n,m; x)| < max|f(x) — r(n,m;x)|.
asxsb asxsbh

Cf. Achieser [1].
In this paper, we investigate the behavior of the error functional

E(n,m,f), in terms of the continuity properties of the function f, for
various hypotheses on the growth of the degrees n and m of the numerator
and denominator polynomials. §2 generalizes some results of Walsh [2]
concerning the conditioris under which E(n,m,f) approaches zero with
increasing n and m, while §3 gives conditions under which E(r,m,f) does
not approach zero; the results in these sections are shown to have counter-
parts when other fundamental Markoff systems in C[a,b] replace the
system {1,x,x% ...}.

A theorem of Jackson [3] on Tchebycheff approximation by poly-
nomials states that

Eem 0.0 s 2% (1),

where » is the modulus of continuity of f on [a,b]:

o(f,8) = sup |f(x) — f(W].

|x-A =8
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§4 contains some extensions of this theorem to approximation by recipro-
cals of polynomials; §5 obtains a special estimate of E(0,m,f) for the
function f(x) =|x|.

If all that is known about a function to be approximated is that it is
continuous, a theorem of Bernstein [4] shows that no upper bound can
be established for the rapidity with which the error of the best polynomial
Tchebycheff approximation approaches zero as the degree of the poly-
nomial approaches infinity. §6 presents similar theorems for various
classes of rational approximations.

2. Convergence conditions. In this section, we investigate the conditions
under which the error functional E(n,m,f) approaches zero with increas-
ing n and m. The symbol C[a,b] denotes the space of real-valued func-
tions continuous on the interval [a,b]. Most of the possibilities are covered
by the following theorem, which is implied directly by the Weierstrass
theorem on polynomial approximation.

THEOREM. If f& Cla,b], then
limE(n,m,f) = 0.

n— o

The remaining choices of interest are those for which n remains bounded
by some constant k; these can be handled by studying the behavior of
E(k,m,f) for fixed & as m approaches infinity. The results for E(k, m,f)
can be found as corollaries to a more general theorem. A set of functions
{81,8, -+ -} is fundamental in C[ X], the space of all real-valued functions
continuous on an arbitrary region X, if C[ X] is contained in the closure
of the set of all finite linear combinations

8= Z Ci8i;
i=1

i.e., if any f &€ C[ X] can be approximated arbitrarily well in the Tcheby-
cheff sense by functions of the form > "cg;.

THEOREM 1. If the set of functions {g.,&,,---} is fundamental in C[X],
and if f € C[ X] does not change sign on X, then f can be approximated arbi-
trarily well in the Tchebycheff sense by a function of the form

1
Z Ci8i.
i=1

Proof. Assume f(x) = 0, without loss of generality, and define
1/f(x) if |f(x)| 2 1/N,
N if |f(x)| <1/N.

fxx) = {
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AsfE C[ X], so is fy for any N. For any function of the form

g=2 cgi,
i=1
it follows that
1 1 1 1
-- | s || -+~ R

g |lr v |7 + v & |lr

1 g—1In

==+ .
N “ &fn T

Choose any ¢,0 <¢<1, and let N>2/c. Since {g,8,---} is funda-
mental in C[ X], there exists a function of the form g such that

€
Ifv—gllr< m,

where B=|f|r. As fx(x) 2 1/B,
1 _ € 1 1 2

6@ > - 3BT "B B@B+D 2B+ 1
Thus,
1 1 1, 1
e e
€ 2B+1 € € €
sotB-—3 'B(2B+1)_§+§_"

Theorem 1 also holds if C[ X] is taken to be the space of all complex-
valued functions continuous on a region X. When applied to rational
approximation of functions analytic in the interior of a closed Jordan
region in the complex plane and continuous on the boundary, the com-
plex form of Theorem 1 and a result of Walsh [5], guaranteeing that the
error of polynomial approximations to such functions approaches zero,
imply the following theorem, also due to Walsh [2].

THEOREM (WALsH). If f is analytic and different from zero in the interior
of a closed Jordan region X in the complex plane, and continuous on the
boundary of X, then

lim E(0, m,f) = 0.

Theorem 1 and the Weierstrass theorem, or the above Walsh theorem
and the Cauchy integral theorem, imply the corresponding result for
continuous functions on the interval [a,b].

COROLLARY la. If fE€ C[a,b] and f does not change sign on [a,b], then
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lim E(0, m, f) = 0.

moo

Theorem 1 implies a number of stronger results, of which the following
is typical. If {p;} is a sequence of positive real numbers such that

= 1
E_’: ©, limpl= @,
i=1Di

and X = [a,b], then, by a theorem of Muntz [6], the set of functions
{1,xP, 2 ...} is fundamental in C[a,b]. Thus follows

COROLLARY 1b. If fE€ C[a,b] and f does not change sign on [a,b], and
the sequence {p;} is as above, then f can be approximated arbitrarily closely
in the Tchebycheff sense by functions of the form

1
G+ a;x”1 + -+ + @pxP™
A further remark on Theorem 1 is that if X is not connected, it is allow-
able for f to have opposite signs on different components of X, as long as

the change of sign does not occur in the component.
Another corollary gives a result for E(k,m,f) for a fixed integer k.

g(x) =

CoROLLARY lc. If f€ Cla,b] with sign changes at «x,,---,x;E€ [a,b],
with j < k, and f(x)/(x — x,) --- (x — x;) is continuous on [a,b], then

limEk,m,f) = 0.

m—wo

Proof. Let Pj=(x —x;) --- (x — x). Then, for any polynomial P, of

degree m,
! P,
|-

Since f/P;E€ C[a,b] and does not change sign on [a,b], Corollary 1la
guarantees that

LS IPr -

r .

f_1
P,” P,

lim E(0,m,f/P) = 0.

m— o

Since
E(k,m,f) =| Pj| rE(0,m,f/P),

it follows that
limE(k,m,f) = 0.

m—o

3. Results of negative character. Some of the above results for E(k, m, /)
have converses—i.e., it can be shown that continuous functions which
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change sign too many times cannot be approximated uniformly well by
functions of form r(k, m) for fixed k. A general result of this nature can be
stated in terms of a Markoff system {g,8, ---}: a system of functions in
Cla,b] such that no nontrivial generalized polynomial c,g,+ --- + c.&»
formed from the first n functions in the system vanishes at more than n
points.

THEOREM 2. If {g,,8,, ---} is a Markoff system in Cla,b], and fE C[a,b]
changes sign more than k times in [a,b], then f cannot be approximated
arbitrarily well in the Tchebycheff sense by functions of the form

g= Cigi+ - + &
digi+ -+ dngn’

Proof. Suppose f changes sign at %, ---,%;,;; then f alternates at some
k+ 2 points x,,---, %42 € [a,b]. Let

n= min(lf(xl)l’ ""If(xk+2)|)-

If there exists

g= St e tas
digi+ -+ dngn

such that |f —g|r <#», then g also alternates at x,,-.-,x,,. However,
the only way g can change sign in [x; x;;,] and satisfy |[f—glr<n< »
is for > *cigi(x) =0 for some %€ [x;xiy,], for i=1,...,k+ 1. But,
since {g1,8z, -+ } is a Markoff system, this implies Y *c;g; = 0, contradict-
ing the statement |f — g7 <.

Theorem 2 thus provides converses to Corollaries 1a and 1b.

CoroLLARY 2a. If f&€ C[a,b], then
lim E(O,m,f) =0

m—o

if and only if f does not change sign on [a,b].

CoroLLARY 2b. If f& Cla,b] and a> 0, then f can be approximated
arbitrarily well on [a,b] by functions of the form

g) = L
ao+ axPl 4 - + apxP™

for integers p;> 0 such that

if and only if f does not change sign on [a,b].

Proof. This follows from Corollary 1b and Theorem 2, since the func-
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tions x*, i=1,2,..., form a Markoff system on the positive real axis.
A partial converse to Corollary 1c is also provided by Theorem 2.

CorOLLARY 2c. If f€ C[a,b], and f changes sign more than k times on
[a,b], then
lim E(k,m, f) # 0.
For a function f satisfying a Lipschitz condition with constant M, the
Jackson theorem states:

fELipM => B0, s 2% 10,
It has been conjectured that perhaps a stronger result holds for rational

approximation—i.e., perhaps

cM

fELipM => E(n,m,f) < e

for some constant c. Corollary 2¢ shows that this is not the case; in fact,
we have the following statements.

CoroLLARY 2d. If FC C[a,b] includes a function which changes sign
more than k times on [a,b], and if g(n,m,f) is a functional such that

limg(k,m,f) =0

m—o

for all fEF, then g(n,m,f) is not an uppei bound for E(n,m,f) for the
family F.

COROLLARY 2e. If we define, for a family FC C[a,b], the functional
E(n,m,F) = supE(n,m,f),

fEF
then there exists no constant ¢ such that

cM
n+m

E(n,m,LipM) <

for all n,m.

It should be noted, however, that Theorem 2 does not hold in the space
of complex-valued functions continuous on [a,b]. Any real-valued func-
tion on [a,b], regardless of the number of sign changes, can be approxi-
mated arbitrarily well by the reciprocal of a complex-valued polynomial
not vanishing on [a,b]. For, given any real-valued f€ C[a,b] and any
¢ > 0, there is some compact set X in the complex plane, containing [a,b],
for which the function f; = f 4 i¢/2 does not vanish. By the complex form
of Theorem 1, then, there exists a polynomial P; such that |fi(z) — 1/Pi(2)|
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< ¢/2 for 2zE X. Therefore, on [a,b], the polynomial P; does not vanish
and, furthermore, satisfies

<f—-|-é—=e.

L SI—flr+ <t+s

1
-7

1
‘fi——ﬁi

4. The effect of continuity properties on the error of the best rational Tche-
bycheff approximation. In this section, we consider extensions to rational
approximation of the Jackson theorem, stated in terms of the modulus
of continuity w(f,5) of a function f defined on [ —1,1]:

E00.0 so( 7).

It was shown in the previous section that the Jackson theorem cannot be
extended to E(n,m,f) in such a way as to obtain

lim E(k,m,f) =0

m—o

for fixed k and arbitrary f € Lip M; this is because Lip M contains func-
tions which change sign more than k times on [ — 1,1]. However, wh can
use the Jackson results to obtain upper bounds on the error functional
E(k,m,f) for certain subclasses of function f which do not change sign on
[ - 1,1], in particular, the family

F,={f:|f(x)]| = p}.
We begin with the following simple lemma.
LEmMmA 1. If fEF,, then

1 w(f, 8)
w(f ’6) =T
Proof.
w(l 5) = sup _1__ L
f, |x—y| =8 f(x) f(y)
_ f(y) — f(x) w(f,9)
“ 2| o | = T

The following theorem and its corollary give estimates of E(0,m,f) and
E(k,m,f) for suitably restricted functions f.

TueoreM 3. If fE F,NC[ — 1,1], then, for every ¢ >0, there exists N
such that m > N implies

2
EQ,m,f) < (1 +9 Tt D)
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Proof.
PN | I | SRS | N | N Sl /
T Pu||lr || UFf Pa || P.-1/f |7
By the Jackson theorem and Lemma 1,
1 1 1 (1 T )
| R | | R | | I
P, llr P, ||r 1/f ||t fm+1
1 w(f,x/(m+ 1))
< Rpod_ LLL AL B4y
* | T stmmry | VIm—
f o’ T

Since w(f,7/(m+1)) | 0 as m— =, it follows, for any ¢ > 0, that, for m
sufficiently large,

1
”f‘ P
CoROLLARY 3a. If, for some polynomial P,, f/P,E F,N C|a,b], then, for
every ¢ > 0, there exists N such that m > N implies
|fl 7| f/ Pl 7+ w(f/Ppx/(m + 1))

CEbmf)<(+9- E

2
<+9 M7 off, :2/(m +1)

Proof. This statement follows from Theorem 3 and the relations

Ppf — P4 P,
—p || =Ml P, ——

T

Py
=3,

m

1
P, f lIr
Theorem 3 and Corollary 3a can be extended by using extensions of the
Jackson theorem; for example, the following corollary holds.

COROLLARY 3b. If f,f',---,f? € F,NCla,b], and f? € LipB,0<B <1,
then, for some constant M, :

T

M
E@©,m.f) = —55-

As a final remark in this section, we observe that the bounds on E(n, m,f)
implied by the above results are no stronger than those given by the
Jackson theorem for E(n,0,f). Approximation of the function f+ ¢ by
1/P, is equivalent to approximation of f by

1 _c_l—cP,,,_If;,,,.

P, P, P,
thus E(m,m,f) < E(0,m,f+c) for any constant c. Since as ¢ becomes
large, the ratio |f||?/»® approaches unity, it follows by Theorem 3 for
every ¢ > 0 that for sufficiently large m,
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E(mm,f) < (1490 (f,—")

which is equivalent to the conclusion obtained by the Jackson theorem
for all m.

5. An estimate of E(0,m,f) for f(x) =|x|. There are some functions f
€ C[ — 1,1], such as f(x) = |x|, which are not in F, for any p nor do they
satisfy f/P,& F,N C[ — 1,1] for any P, so that neither Theorem 3 nor
Corollary 3a apply. However, they have no sign change on [ —1,1], so
that it is known by Corollary 1la that

lim E(0, m,f) = 0.
Sometimes error estimates can be obtained for such functions by special
devices; we proceed to estimate E(0,m,f) for f(x) =|x| on [ —1,1].
Define

1
o1 X é m_1/3,
fm(x) =§ Ix| I |
m'3, |x| <m™YA
Since fn(x) € C[ —1,1], and, since
1 1 P,,, —fm
”"E | I Puln |7
it follows that
1 T
-1/3
EOmf) sm + |15 || o(frty)
sm By L T supii,

1 — €y, M + 1 [_1,1]
where ¢, | 0 with increasing m. Thus, for m sufficiently large,

T 14+
E(O’ m’f) < m—1/3 + EmZ/a = % ‘

6. Lethargy theorems for rational Tchebycheff approximations. In the
previous section, we obtained estimates of the error incurred in approxi-
mating a function fE€ C[a,b] by rational functions, in terms of certain
smoothness properties enjoyed by the function in addition to its con-
tinuity. Suppose all we know is that f€ C[a,b]. Can we find any esti-
mates of the rapidity with which the error E(n,m,f) approaches zero as
n and m approach infinity? This question has been answered by Bernstein
[4] in the negative for the error E(n,0,f) of the best polynomial approxi-
mation.
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THEOREM (BERNSTEIN). For any nonincreasing sequence of real num-
bers {A,} with limit zero, there exists f & C[a,b] such that

E@®,0,f) = A,

Theorems of this sort have been termed lethargy theorems, as they
state that E(n,0,f) can approach zero with any prescribed degree of leth-
argy as n approaches infinity. Some approximation properties of the
partial sums of certain series of Tchebycheff polynomials allow us to
obtain lethargy theorems for rational Tchebycheff approximations. The
following lemma, taken from [ 7], is an extension of a result of Bernstein [ 8].

LEmMA 2. 1. For any summable sequence a = {a;} of nonnegative real
numbers a;, the function

f(ar k’ Q) = Z aiThqi—l’
i=1

where T; is the Tchebycheff polynomial of degree j shifted to the interval [a,b],
k is a positive integer, and q is an odd integer greater than unity, is continuous
on [a,b].

2. For any n =0, the polynomial

fala, k,q) = ;laiqui—l
has, as an approximation to f, an error curve
fla,k,q) — fola, k) = X a;T,;
i=n+1
which alternates in sign k-q"+ 1 times on [a,b] with common amplitude
A,, = Z a,.
i=n+1
3. Thus, as a best approximation to f(a,k,q),
fn(a: k’ q) = "*(kqn_l + t; u)
for n 2 1 and for all integers t,u such that
0<t=sk(@—q¢"H—1, 0Susk—q¢hH-1.
Also, the constant 0 is the best approximation
r*(t,u) for0<t=<k-1, O0su=<k-1.

Note that if the sequence a consists of powers of a positive real number
a <1, the resulting function f(a,1,9) is an example of the celebrated
Weierstrass function: if ag = 1, f(a, 1,9) is continuous on [ — 1,1] but non-
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differentiable there (cf. Achieser [1]). By proper choice of the integers k
and q and the sequence «, we then obtain the following lethargy theorems.

THEOREM 4. For any nonincreasing sequence of real numbers {A,} with
limit zero and for any fixed integer k, there exists f € C[a,b] such that

E(k-3"k—1,f) = A,

Proof. Consider the function

f(a: k: 3) = zaiTk,y’—l ’
i=1
where a = {a;} is such that a;= A;,_; — A;, and T; is the Tchebycheff poly-
nomial of degree j shifted to [a,b]. By Lemma 2, the polynomial

fn(a’ k, 3) = Z aiTk,3i—l
i=1

.is the best approximation r*(k-3"") k — 1), with an associated approxi-
mation error

Ek-3" k—1,/))=2 a;=A,
i=n+1
CoroLLARY 4a. For any nonincreasing sequence of real numbers {A,}
with limit zero, any fixed integer k, and any sequence of integers {j,} such
that j,i1 2 3j,, there exists fE€ C[a,b] such that

E(jmk - l’f) = An'

Proof. Let m, = logs(j./k); each j, produces a different integer m,, since
jn+1 g 3jn- Then,

f(a: k, 3) = ZaiTh,;;"‘t ’
i=1

where a; = A;_, — A,, satisfies the claim. This follows since, by Lemma 3,
Ek-83™k—1,f)=...=Ek-3™"—1,k—1,f) = A,

and since, by construction, each j, is between k-3™ and k-3 —1.

The following lethargy theorem holds for all families of rational func-
tions in which the ratio of the degree of the denominator polynomial to
the degree of the numerator polynomial is bounded by some nonnegative
real number c.

THEOREM 5. For any nonincreasing sequence of real numbers {A,}, with
limit zero, and any real number ¢ > 0, there exists f &€ C[a,b] such that, for
some infinite sequence {j,},
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E(jm [cjn]:f) = An'
Proof. Consider the function

f= Z (A, — Ai)T3"i,
i=1

where the k; satisfy
it — g1

c.
3ki >

Since Lemma 3 guarantees that
E(3%,3%+1—3"—1,f) = A,
the choice j, = 3** satisfies
E(jn [¢]a]. /) = An
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